Introduction
This note will summarize some of the recent work on topological groups and discuss a few topics in transformation groups mainly in S 3 and S 4 . In one aspect of this subject, namely the relation of general locally compact groups to Lie groups, information is now fairly complete. However in most other aspects the situation is far less satisfactory and in many areas known results are fragmentary. In particular the study of compact and locally compact groups acting on manifolds is filled with unexplored areas and this is true in both the differentiable and non-differentiable cases.
Locally compact groups
Turning first to the best known situation, that is the one concerning the relation of locally compact groups to Lie groups, let G denote a topological group. By definition, G is a set of elements which satisfies a) G is a group, b) G is a T 0 space, c) the group operations of multiplication and the taking of inverses are continuous in the given topology.
If the space of G is locally euclidean and if coordinates at the identity may be so chosen that the local group operations are analytic then G is called a Lie group.
Hilbert [3] asked whether the following is true:
Theorem 1. Every locally euclidean group is a Lie group.
His question was more general and somewhat indefinite being concerned first with how far the theory of Lie groups and transformation groups can be developed without differentiability, and beyond that with functional equations. Some of the questions of the next section are suggested by Hubert's remarks or are natural extensions of them. However the question of the truth of Theorem 1 above has often been called Hubert's fifth problem. Theorem 1 was first proved to be true by the contents of two papers taken together, the first by Gleason [2] , the secnd by Zippin and the author [7] .
After topological groups had been studied it began to be felt that locally compact groups, which can in fact be more general than Lie groups, must nevertheless be closely related to them. For G compact this was verified by von Neu-mann in 1934, for G abelian by Pontrjagin, and for G solvable by Che valley and Malcev. These results also proved Theorem 1 for G with these same restrictions. For references see for example [7] . To be more precise about what is meant consider the definition below.
Definition. A topological group G is said to be approximated by Lie groups if for every neighborhood U of the identity there is a compact invariant subgroup H, H CU, such that G/H is a Lie group.
It was conjectured from about 1930 onwards by a number of mathematicians, not necessarily in the same terminology, that the following is true (if G is connected, G = G').
Theorem 2. Every locally compact group G contains an open and closed subgroup G' which is approximated by Lie groups.
When G has finite dimension this theorem was first proved in the papers [2] and [7] taken together. By an ingenious method Gleason proved that if a locally compact finite dimensional G has no small subgroups it is a Lie group. Zippin and the author proved that if locally compact groups of dimension less than n can be approximated by Lie groups then a connected locally connected w-dimensional group contains a proper invariant subgroup F such that G/F has no small subgroup. By Gleason's theorem G/F is a Lie group; it can then be shown that G is Lie group. From this Theorem 1 and for finite dimensions Theorem 2 follow readily. Thus [2] and [7] taken together give an inductive proof of Theorem 1 and the finite-dimensional part of Theorem 2. In the general (infinite-dimensional) case, Theorem 2 and the fact that a locally compact group without small subgroups is a Lie group were proved by Yamabe [12, 13] who used and made important improvements in the methods of Gleason. The methods of [7] are geometric and related to transformation groups; they are also related to methods used by Zippin and the author to prove the theorems in low dimensions. Kuranishi [5] had a very informative paper on these questions.
3. Transformation groups.
In this section let G be a compact topological group which acts as a transformation group on a separable manifold M, that is for each g, a homeomorphism g(x) = f(g; x) of G onto itself is given such that 1) g 1 (g 2 (^)) = (&1&2) (^)and 2) f(g; x) is simultaneously continuous. If only e, the identity of G, leaves every x in M fixed, G is called effective. It is known under the conditions above that an effective G is separable metric.
It is unknown whether such a compact G acting affectively on the manifold M must be a Lie group. This is known however in certain special cases, for example a) when each transformation is differentiable [5] and b) when G is connected and M is three-dimensional [9] . To establish this conjecture in general it would be sufficient to establish that if such a compact effective G is zero-dimensional then it must be finite. From now on we shall consider the case where G is a compact Lie group.
To begin let G be a cyclic group of order two. Bing [1] has shown that G can act on E 3 or S 3 without being topologically equivalent to an orthogonal transformation. He constructs on orientation reversing homeomorphism T of period two of E 3 onto itself whose set of fixed points is homeomorphic to a plane, but whose two complementary domains are not simply connected. The example is constructed by identifying two solid horned spheres along a common boundary and showing that the resulting space is E 3 \ the transformation is a "reflection" across this boundary. His construction can be modified slightly [8] to obtain an orientation preserving homeomorphism T* of period two of E 3 onto E 3 . The set of fixed points of T* is a wildly imbedded line. It would be interesting to have a similar example with prime period other than two.
The pathology in such examples can persist even when G is connected as has been shown in [8] . In that paper the transformation T* above is constructed and is used to define an action of the circle group G on £" 4 which is such that the group could not be differentiable in any differentiable structure of /t 4 ; even less could this transformation group be orthogonal in any coordinate system of £ 4 . The action is such that the elelment 1/2 (taking G tot be he reals mod one) has a wildly imbedded plane of fixed points. It is this fact which shows the impossibility of differentiability or linearity properties in any coordinates for E 4 .
While all of these examples fail to be linear, they nevertheless possess a great deal of regularity and the problem remains of determining how closely the action of a compact Lie group G resembles the differentiable and linear cases. In this connection see [9, 10, 11] . Quite apart from this, of course, is the question of determining geometric properties in the large when G is known to act differentiably or simplicially, for here too very little is known. Now let T be an orientation preserving simplicial homeomorphism of S 3 of period 2. Smith [11] has shown even without the assumption that T is simplicial that F, the set of fixed points of T, must be a simple closed curve. However it is unknown whether T is equivalent to an orthogonal transformation and moreover it is unknown whether F can be knotted.
Samelson and the author have shown that at any rate F can not belong to a certain class of knots including as a special case the cloverleaf knot.
To explain more precisely the nature of the class of knots considered, a definition will be convenient. It is always assumed that S 3 is divided simplicially by planes through the origin in E 4 and that, when necessary, subdivisions of a given subdivision are taken. As remarked, this shows that F can not be in a certain class of knots including the cloverleaf knot. This is because the cloverleaf knot bounds a Möbius band and the edge and center line do not have linking number ± 1. The methods show that if F is unknotted then T is equivalent to an orthogonal transformation which has also been proved by Moise.
When a compact Lie group G acts on a manifold the possibility for pathology is least when G is transitive and increases when dim M -dim (highest dimensional orbit) increases. Samelson and the author have found that a great deal of regularity exists when the difference above is at most two. 
